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UNIT IV
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TECHNICAL TERMS

Slope deflection equations:

Slope deflection equations express the final end moments of each member in a frame
Stiffness:

Moment required to rotate one end by unit rotation, when rotation is permitted at the
end.
Frames:

Frames usually consist of post and beam or slab and wall systems, but can also be
configured using combinations of structural members.
Continuous Beam:

A Beam which is supported on more than two supports is called a Continuous Beam.
Relative stiffness:

When structural elements are linked so that their displacements are equal, they resist

loads in proportion to their stiffness.



UNIT IV
SLOPE DEFLECTION METHOD

4.1 Introduction:

This is an algebraic method. Any indeterminate frame is made up of members in
flexure. Solving the frame is the process of finding primarily the bending moments at the
ends of each and every member. The moment M, in a typical member AB is made up of 4

parts.

(2@)MEgag and Mgga, the fixed end moments at the ends A and B due to the transverse
loading on the member, when A and B are restrained from rotation or vertical displacement
as in fig 4.1(a).

(b)Moments due to the rotation 64 of A only.

(c) Moments due to the rotation 8 of B only.

(d) Moments due to the deflections A and Ag at B.
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Fig.4.1 (a) to (d)
4.1.1 SIGN CONVENTION
For moments and rotations clockwise is positive (+).
For differential sinking, right upward movement is positive (+). For support moments,
clockwise is positive (+).
4.1.2 SLOPE DEFLECTION EQUATIONS

Slope deflection equations express the final end moments of each member in a frame in terms
of,



(1) Fixed end moments due to external loads.

(i1)) Moments due to rotation at A (to the final value of rotation 6,).
(ii1) Moments due to rotation at B.

(iv) Moments due to differential transverse displacement of B above A.

The slope deflection equations are
4EI0 2EI0  6EIA

If I/ [ is taken as k (Stiffness)

" 3A
Mag = Mgpag +2Ek | 204 + 0 + -------
- /
~ 3A
Mag = Mpga +2Ek |04 + 205 + -------
/

Employing slope deflections equations
To solve any indeterminate flexural frame by slope deflection method the following steps are
adopted.

1) For all members write down the fixed end moments due to the given loading.

2) For each member write down the slope deflection equation in terms of the joint
rotations and displacements.

3) At every joint several members join. Each member has moment acting on it. Write
down joint equilibrium for moments is Mca+Mcp+Mcep=0.

4) Solve the equilibrium equation to get the unknown displacement.

5) Use these values in slope deflection equations in step2 to obtain final joint
moments.

6) Combine the joint moments of each member with the free bending moments to get
the final bending moment in each member.
4.1.3 Application of Slope-Deflection Equations to Statically Indeterminate Beams
The procedure is the same whether it is applied to beams or frames. It may be summarized as
follows:

1. Identify all kinematic degrees of freedom for the given problem. This can be done by

drawing the deflection shape of the structure. All degrees of freedom are treated as unknowns

in slope-deflection method.



2. Determine the fixed end moments at each end of the span to applied load. The table
given at the end of this lesson may be used for this purpose.

3. Express all internal end moments in terms of fixed end moments and near end, and far
end joint rotations by slope-deflection equations.

4. Write down one equilibrium equation for each unknown joint rotation. For example, at
a support in a continuous beam, the sum of all moments corresponding to an unknown joint
rotation at that support must be zero. Write down as many equilibrium equations as there are
unknown joint rotations.

5. Solve the above set of equilibrium equations for joint rotations.

6. Now substituting these joint rotations in the slope-deflection equations evaluate the end

moments.

7. Determine all rotations.
4.2 ANALYSIS OF CONTINUOUS BEAMS
Example 4.1 Analyse the continuous beam loaded as shown below by the slope deflection

method and sketch the BMD. Given 2Ixg=Igc=21cp=21L
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Fig. 4.2

Solution:
IAB:ICD:I, IBC=2L eA:eDZO(A and D are ﬁxed)
Unknown’s 05, Oc

(a)Fixed end moments:

Span AB:
wl’ 20 x 47
MpAg = - —==== = = mmmeeeee =-26.67 kNm
12 12
wl’ 20 x 4°
Mgga =+ =+ =+26.67 kNm
12 12
Span BC:

Wa,b,? Wasb,? 80x2x 4> 80 x4x2?
Msse = (-) S e O —— EE—— ) T8 S\ o)
ZZ Z2 62 62




Wab?  Wayb,? 80x2°x4  80x4°x2

Mgcg = -+ S - F - =106.67 kNm
r P 6’ 6’
Span CD:
wl’ 15 x 4°
Mpcp=- ----- =---——--—-- =-20kNm
12 12
wl’ 15 x 4°
MFDC:+ =+ :+20 kNm
12 12
(b)Slope deflection equations:
2EI 3A
Map = Mgag + ---- | 204 + O+ -------
[ [
2EI
=-26.67 + ----- (0+ 0+ 0) (A=0,since no settlement of supports)
4
=-26.67+ 0.5 EI1 6 --- - (1)
2EI 3A
Mga = Mgga + ---- | 04 +20p+ -------
[ [
2EI
=26.67 + ----- (0 +265+ 0)
4
=26.67+0.5 E106p (2)

2EI 3A
Mg = Mgpc + ---- [ec+2913+ -------
[

=-106.67 + ----------- (205+ B¢ + 0)

=-106.67 + EI (1.333 8+0.666 B¢) -------------- (3)

2EI 3A
Mcg = Mgcp + ---- [29c+93+ -------
[

1Yy A — (63+2 Bc + 0)

=106.67 + EI (1.333 B¢+0.666 Op) ------venmmmnem &)

2EI 3A
Mcp = Mgcp + ---- [26C+6D+ -------
[




= 20 + memev (26¢ +0+ 0)

Mcp = - 20 + EI¢ (5)

2E1

3A
Mpc = Mgpc + ---- [26D+9C+ -------
/

2EI
=20+ ------ (0+6¢ + 0)
Mpc =20 + EI4(O.58(;) (6)
(c)Equilibrium equations:
Mpa+Mpc=0 --- (7
McgtMcep=0 --- (®)

Adding (2) and (3),(7) becomes

26.67+ E10 — 106.67 + EI (1.333 85+0.666 6¢) =0

2333085 +0.666 6c=80/E1 e 9)
Adding (4) and (5), (8) becomes

106.67+ EI(1.333 6¢+0.666 65) — 20 +EI 6¢ =0

0.666 B +2.333 B¢ = - 86.67/El (10)
2.333 0.666 ) OB X =1/EIl | 80
0.666 2.33 B¢ -86.67

\ J

-

B8 =1/El | 48.88

< .

B¢ -51.11

- J

(d)Final moments:

Substituting the values of 8 and ¢ in equations (1) to (6).
Map =-26.67+0.5EI (48.88/EI) =-2.23 kNm
Mpa =26.67+0.5EI (48.88/EI) =75.5 kNm
Mpc =-106.67 + EI (1.333 83+0.666 B8¢c) =-75.55 kNm
Mcg =106.67 + EI(1.333 8¢+0.666 6g) =+71.09 kNm
Mcp =-20+ EIB¢ =-71.1 kNm
Mpc =20+ EI(0.56¢) =-5.56 kNm



Bending moment diagram (BMD)
Example 4.2: Three span continuous beams ABCD is fixed at A and continuous over B, C

and D. The beam subjected to loads as shown. Analyse the beam by slope deflection method

and draw bending moment and shear force diagram.
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Solution:

Since end A is fixed 6, =0,0; 0,0, 0,0, =0

Fixed end moments:

Fo=-__ 80 5 knm
8 8
Foum + 0 _ 804 530 kM
8 8
FBC:+%:+12.5KNM
Feg =+%=+12.5KNM
2 2
Fo——b_ 104 4533 kM
12 12
2 2
Foomt+ Mo _ 104 4333 kM
12 12
Slope deflection equations:
2E|

MAB = FAB +T (26A +eB )



= -30+ % (0+605)

=-30+ 05El6, eeeeeee- >(1)

2El
Mga =Fga "‘T(zeB"'eA )

= 30+ % (205+0)

=+30+El6, e > (2)

2El
Mgc =Fgc +T(295+ec )

=125+ %(2es+ec)

= 125+EI0,+0.5El6, = -mmmme-e- > (3)

2El|
Meg =Fcs +T(290+93 )

12.5 + % (20,+05 )

125 +El0,+0.5E10,  eeeeeeee >(4)

2E|
Mcp=Fcp +T(Zec +0p )

= -13.33+ %(2ec+et,)
=-13.33+EI0.+0.5E10, = --eeme---- > (5)

2E|
Mpc =Fpe +T(260 +6¢ )

13.33 + % (26,+6 )

13.33+0.5E10,+El0, ~ —meeeee-e- > (6)

In the above Equations there are three unknowns, E1605,EI0. & EI6,, accordingly the

boundary conditions are:

i Mgy+Mg=0

i Mgg+M=0

il Mpc=0 (- hinged)



Now
Mga+ Mgc=0
30+EI6;+12.5 +EI6;+0.5E16, =0

2E10,+0.5El0,+425=0 - > (7)

Mgg +Mgo= 0
+12.5 +E10,+0.5E10,—13.33 + E10,+0.5E10,= 0

0.5El0, +2EI0,+0.5E10,—0.83=0 —————— > (8)

My =0

13.33+0.5El6.+ElI0,=0 >(9)

By solving (7), (8) & (9), we get
Elo;=-24.04

Elo,=+11.15
El0,=-18.90

By substituting the values of 05, 6, and 0, in respective equations we get

M,s=-30+0.5 (-24.04) = -42.02 KNM

Mga= +30+(-24.04) = +5.96 KNM
Mgo=+12.5+(-24.04)+0.5(+11.15)=-5.96 KNM
M= +12.5+11.15+0.5(- 24.04) = +11.63 KNM
Mp=—13.33+11.15+0.5(-18.90) = —11.63KNM
Moo= +13.33+0.5(11.15)+ (- 18.90) = 0 KNM

Reactions: Consider the free body diagram of beam.
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Beam AB:

60x2+5.96 -42.02

Rg = 4 =20.985 KN
R, =60-R; =30.015KN
Beam BC:
R, = 11.63 +540—5.96 _13.92 KN
Rg =R, =-13.92KN .. Ryis downward
Beam CD:
R, = 10><4><24—1 1.63 _ 17.09 KN
~Re=10x4-R, =22.91KN
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Example: 4.3 Analyse the continuous beam shown using slope deflection method. Then draw

bending moment and shear force diagram.



em 2m Am

Fig. 4.4
Solution: In this problem 0,=0, "~end A is fixed

FEMs:

2 2
wh _ 108" 5333 kNM

T2 7T 12

FAB:

2

FBA=+\:/—|2—= +53.33 KNM

FBC=—m :—M: - 22.50 KNM
8

8

Foo=+ % =+ 2250 KNM
Slope deflection equations:
2EI
Mas=Fas +T(29A +0g )

= -53.33 + L8X3'(0+e 5)

-53.33 + i Ele, 0 eeeeee- > (1)

2E|
MBA = FBA +T(268 +eA )

= +53.33 + %(298@
3
- 5333+ El6, e > (2)

2E|
Mgc =Fgc +T(293+ec )

= -225+ % (26,+6. )



- -225+ §E|95+§E|ec ........ > (3)

2El
Meg =Fcs +T(Zec+es )

= +225+ % (20,+65 )

= +22.5+§EIQ+§ Bl —  eeeeeee- >(4)

In the above equation there are two unknown 6; and 6, accordingly the boundary

conditions are:
i —Mgy—Mg—24=0
it Mig=0
3 4 2
Now, Mg, +Mg.—24 = 53.33 + 5 El6,—22.5 + 3 Elog+ 3 El6;+24

=+54.83+1E7EIGB+§EIOC=O —————— >(5)

and Mg, =225+ g El0g+ f El0,=0

2 1
; Elo,=-11.25 - EEWB ........... > (6)

Substituting in eqn. (5)

54.83 + % El6g-11.25- %EIGBz 0

+44.58 + % El6g=0

- ElOg=— % =-17.432 rotation anticlockwise

.. from equation (6)

Elo.= 3| _11.25- 1(—17.432)
2 3
=-8.159 rotation anticlockwise

Substituting El6,=—-17.432 and EI6.= —8.159n the slope deflection equation we get

Mys=—-53.33 + 3 (-17.432)=-66.40 KNM
Final Moments: 4

Mg, = +53.33 + g (-17.432)= +27.18 KNM



Mge=—22.5+ i (-17.432)+ i(—8.159): -51.18 KNM
4 2
Mes=+22.5+ (-8.159)+ 3 (-17.432) = 0.00

2.6 kM L
Aﬂf—f/\/j\o/imwf Lao
1 % AN~ P

=N LY 27718 =718

N

Reactions: Consider free body diagram of beams as shown
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Span AB:

R,= 27.18—66.4§+10x8><4 _ 3513 KN

~R,=10x8-R,=44.87 KN

Span BC:

R, 91.18430x3 _ 5o £a kN

R.=30-R,=6.47 KN
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Max BM

Span AB: Max BM occurs where SF=0, consider SF equation with A as origin
S,=4487-10x=0
X =4.487m

2
oM, =44.87x4.487-10x %—— 64 = 36.67 KNM

Span BC: Max BM occurs under point load

BCM,,, = 45—% =19.41KN M

Example:4.4 Analyse the beam shown in figure. End support C is subjected to an

anticlockwise moment of 12 kNm.
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Solution:
In this problem 6,=0, .. end is fixed
FEMs:
2 2
Fo-— WL __ 204" 5567 KNM
12 12

2

Fp= + wh_ + 26.67 KNM
12
Slope deflection equations:

2E|
MAB = FAB +T(29A +6g )



+ﬂ(

=0 0+65)

—Elo, e > (1)
2E|
MBA = FBA +T(298 +0, )

0+ % (20,+0)

=2El6, e > (2)

2El|
Mgc =Fgc +T(293+9c )

— 2667+ @(2@8490)

= -26.67+2EIGB+%EIOC --------- >(3)

2El
Mg =Fcs "‘T(zec +6g )

2E><’I.5I(

= +26.67+ 20,+6;)

= +26.67 + g ElO.+ % Elo, --------- > (4)

In the above equation there are two unknowns 0 and 0., accordingly the boundary

conditions are
Mgy +Mg=0
Mip+12=0

Now, My, +M, .= 2E10,-26.67 + 2 El0,+ i El0,

L El6g+ 3 El6.—26.67=0  --------- > (5)
2 4
3 3
and M +12 = 26.67 + ) El6.+ 4 El6;+12

=38.67+§E|98+§E|90=0 --------- > (6)




Lo, + 2 E10,-26.67 = 0
2 4

3 Eleif El6;+19.33=0
F 5) and (6 T
rom (5) and (6) 25
El6;—46 =0
8 =
8
El6;=+46x — - =+14.72
25
From (6)
3
Elo —— 23867+ (14.72) |
( )
© o3l 4 )
=-33.14 -ve signindicates rotation anticlockwis e

Substituting EI6; and EI6.is slope deflection equations

M,s=El0y=+14.72 KNM
Mg, = 2E10,= 2(14.72) = 29.42 KNM

Mgo= —26.67 + g (14.72)+ % (-33.14)=29.44 KNM

Mcg= +26.67 + g (-33.14)+ i (14.72) =12 KNM

b 7.2 2.0 k”/m V2KNmM.
V7
Ag} ( / Wmm? C
: 2Aaufy 7 2944 e

Reaction: Consider free body diagrams of beam

2K m
|L+'72 5 ‘ lq‘(-%(-f -_20‘(“/
(? S I“\MM
: Qq'qu/ 1‘ ? S T
“a Ra ot Re
Span AB:
14.72+29.44 _11.04 KN

B:
R,=-Rz=-11.04 KN
Span BC:



R, = 29.44 +1 2:20 x4x2 _ 50.36 KN

R.=20x4 -R,=29.64KN

50+3 6kn

e - G
110 e i D Ll

2964 kn .

sS¥ED

4.3 RIGID FRAMES WITHOUT SWAY (ANTISYMMETRY)
Example: 4.5 Analyse the simple frame shown in figure. End A is fixed and ends B & C are

hinged. Draw the bending moment diagram.
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Fig. 4.6

Solution:



In this problem 6, =0,0; #0,0, #0,0, =0,

Fixed end moments:

B Wab? _ 120x2x4 2
- 2

Fo=- 2 — ~106.67 KNM
2 2
F, =+ Nab_ 12024 53 331NM
i
2 2
Foo-Wb_ 204 5 67KNM
12 12
2 2
oo+l 2004 o6 67KNM
12 12
FCD=+%=+ZOX4:+10KNM
Fo=— ML _10KNM

Slope deflections are

2E|
MAB =Fas Tt T(ZOA +GB)

=-106.67 + % (65)=-106.67 + § Elo,

2E|
Mgp =Fgn + T (268 + eB)

= +53.33 + % (26, )= +53.33 + iEIeB

2E|
Mgc =Fes + T(ZGB "‘ec)

2E 3l 3 3
= -26.67 + L 5(29B +0.)=—26.67+ ) Elf, + . Elf,

2E|
Meg = Feg + T(Zec +BB)

= +26.67 + 24_E x %(26C +0,)=+26.67 + 2 Elo. + % Elog

2E|
Mgp = Fgp + T (298 + eD)

=+10+ %(268+6D):+10+EIOB+%EIOD

2E|
Mpg = Fpg + T (ZeD + eB)

=-10+ %(26D+OB):—1O+EI6D+§EIOB

———=>(1)

—--->(2)

—--->@3)

> (4)

—--=>(5)



In the above equations we have three unknown rotations 6,0, 6, accordingly we have

three boundary conditions.

Mgs + Mg + M, =0
My =0 Since C and D are hinged
My =0
Now
Mg + Mg + Mg, =53.33 + iEleB —26.67 + g ElOg + 3 Elo;. +10+EIOg + %EIOD
23 3 1

:36.66+EEIGB+ZEIGC+EEI6D:O ---=->(7)
3 3
MCB:26.67+4EIGB+2EIOC:O ----->(8)
MDB:—1O+%EIGB+EIOD=O ----->(9)
Solving equations 7, 8, & 9 we get
El6; =-8.83
El6, =-13.36
Elo, =+14.414

Substituting these values in slope equations

2
M ,, =—106.67+ ~ (-8.83) =—112.56 KNM
3
4
M, =5333+ g(—8.83) =41.56 KNM
3 3
My =-26.67+ 5 (-8.3)+ 4 (—-13.36) = —-49.94 KNM
3 3
Mz =+26.67 + 5 (—13.36) + 4 (—8.83)=0
1
M,, =10+ (-8.83) + 5(+14.414) =8.38 kNm
M, =-10+(14.414) + é (-8.83)=0
Reactions: Consider free body diagram of each members

Span AB:




~ 41.56-112.56 +120x2

Rg 5 =28.17 KN
Ry =120-R; =91.83 KN
Span BC:
R, = 49.94 +iO><4 x2 _ 52485 KN
R =20x4-R; =27.515KN
Column BD:
H, = 20x2-8.33 _792KN
~Hy =12.78 KN [+ H, +Hp = 20]
He10
fiz-56
| 415G '(‘q'm" :
f;a B3 4:0 i
[s&a - e
B MD b
in kKan-rm

4.4 RIGID FRAMES WITHOUT SWAY (Symmetry)

Example: 4.6 Analyse the portal frame shown in figure and also drawn bending moment and

shear force diagram.
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Solution:
Symmetrical problem
- Sym frame + Sym loading
0,=0, 6,0, 6,#0, 6,=0

Fixed end moments:

W.ab* W,cd?
- _Lz - Lz
2 2
:80><22><4 _80><4><2 . -106.67 KNM
6 62
Wa’h  W,c’d
+ |_2 + |:2

FBC:

Fog= = +106.67 KNM

Slope deflection equations:
2E| 2E| 1
M, =F s+ L (20,+65)=0+ " 0+6,)= §E|eB -------- >(1)

Mga=Fga+ % (205+0,)=0+ % (264+0)=Eloy, ~ ------ > (2)

2EI
Mgc=Fgc+ T (295 "‘90)

=-106.67 + % (265+6;) = -106.67 + § El0;+ i El6,

2E|
MCB =FCB + T (290 +eB )

=+106.67 + % (20,+65) = +106.67 + i Elo.+ § El6g



2EI
Mep=Fcp+ T (290 +6p )

=O+%(2GC+O)=EIGC ------- > (5)

2E|
Mpc=Fpc+ T (29D+e C)
=0+@(0+ec)=1E|ec ------- > (8)
4 2
In the above equation there are two unknown rotations. Accordingly the boundary conditions

arc

Mgp+Mg.=0
Me+Mp=0
7 2
Now Mg, +Mg.=-106.67 + 3 El6g+ 3 El6.=0  ------- > (7)
2 7
Mcg +Mgp=+106.67 + 3 Elog+ 3 ElO.=0  ------- > (8)

Multiply by (7) and (8) by 2

~746.69 + ‘;—9 El0g+ % El0.= 01|

subtracts

+213.34 + i El6g+ % El6.=0

-960.03+ 43_5 El6g=0

El6,=+960.03 x i =+ 64 Clockwise

Using equation (7)
El0.=- 2 [— 106.67 + ‘ EIGB}
2 3

=- g {—106.67 + g X 64} =— 64 Anticlockwise

Here we find Og=— 0. It is obvious because the problem is symmetrical.

.. Final moments are



64
2
Mg, =64 KNM

M=+ =+32 KNM

Mge=-106.67 + §64+ i(— 64)=— 64 KNM

Mes=+106.67 + i(— 64)+§(64)= + 64 KNM

Mg, =— 64 KNM

Mpc=- %64:-32 KNM

BD ke B0 ke
=
gﬁr 'l l l A gﬁ
,---1‘1’% - J"f___.‘\
k) 3= 32
= e =

Consider free body diagram’s of beam and columns as shown

S0 KM B0 Kkw

s T T~
He § ¢ N C He
;‘?-p T Fe
. 1'_‘_ H‘g H'C___’_l:

Hoa k-) 52 .\.J az
A Jl J!'.- o) Hp

By symmetrical we can write
R,=Rz=60 KNM
Rp=R.=80 KNM



Now consider free body diagram of column AB,Apply

>M; =0
H,x4 =64+32
. H,=24 KN
Similarly from free body diagram of column CD, Apply
>M. =0
Hy,x4 =64+32
- Hy=24 KN

L EEEN

e =
=S ™MD
Il Hpo-rm
Example 4.7 Analyse the portal frame loaded as shown in figure by the slope deflection

method and sketch the bending moment and shear force diagrams.

rd] e
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Fig. 4.8
Solution:
(a)Fixed end moments:
Span BA: MFAB:MFBAZO
Span BC: wi? 10 x 6
MFBC = - ——— = = mmm———— = - 30 kNl’Il
12 12
wr 10x 6
Mgcp= + ----- = = - =+30 kNm
12 12
Span CD: Mgcp =Mepc -0

(b)Slope deflection equations:




The frame is unsymmetrical. Hence the frame will sway. Let B and C move

horizontally by 6.

Span AB:
2EI 36
Muag = Mpag + ----[ZGA + 0+ -

!
Y51 £ — 1)

2EI

36
Mg = Mpga + ---- [GA +20p+ - }
)

4E1

[ ——— )
3

2EI 35
Mgc = Mpgc + ---- E% +20p+ -------

[

Span BC:

El
Mpc=-30+---- 0 = - 3)
3

(C)Joint Equilibrium Equation:
Mga + Mpc=0
From (2) and (3), 4EV3 0 - 30+ EI/3 0
0 =18EI
0c=-05=-18EI
(d)Final moments:

Span AB: 2EI
MAB = == (IS/EI)
3
MAB =12 kNm

4E1
Mga= - (18/El)
3
MBA =24 kNm

Span BC:

EI
MBC =-30+ ---- (18/E|) =-24 kNm
3



Mcg = 24 kNm

Span CD:
Mcp = -24 kNm
Mpc =-12 kNm
(e)To draw S.F.D.:
Span AB:

Taking moments about A,
Map+Mga — Fga(3) =0
Fpa= 12 kKN=Fp
Span BC:

Taking moments about B,
Rp=R¢=10X62=30KN
Rc=25.484 kN
Rg=Total load — Rc
=50-25.484 =24.516 kN
Span CD:

Taking moments about C,
-Mcp+Hpc (4) =0
HDC = HCD =4.019 kN
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Bending Moment Diagram

4.5 RIGID FRAMES WITH SIDE SWAY (antisymmetry)
Portal frames may sway due to one of the following reasons.
1. Eccentric or unsymmetrical loading on the frames.
2. Unsymmetrical shape of the frames.
3. Different end conditions of the columns of the portal frames.
4. Non uniform section of the members of the frame.
5. Horizontal loading on the columns of the frame.
6. Settlement of the supports of the frame.
7. A combination of the above.
Example 4.8 Analyse the portal frame loaded as shown in figure by the slope deflection

method and sketch the bending moment and shear force diagram.

Fig. 4.9
Solution:
(a)Fixed end moments:
Span AB, CD: Mgap=MrpA=Mrpc=Mpcp=0
Span BC: wl 50x 4
MFBC == - = = mmmmmem = - 25 kNm
8 8

wl 50x 4



MFBC =+ - = = e = +25 kNm
8 8

(b)Slope deflection equations:

The frame is unsymmetrical. Hence the frame will sway. Let B and C move
horizontally by 6.
Span AB:

-

2EI 36
Mag = Mgap + ---- [29/\ +Bpt -

[ [
2EI 36
=0+ ----[2(0) T N
5 [
2EI
T Y T —— )
5
2EI 36
Mga = Mppa + ---- [GA + 20t -------
[ [
2EI
I 1Y N —— )
5
Span BC:
2EI 36
Mg = Mgpc + ---- [ec +28p+ -------
[ [
El
Mpc = - 25 + ---- (ec + 293) ---------------- (3)
2
2EI 36
Mcg = Mg + ---- [ZGC +Bpt -------
[ [

EI



Mcg =25 + ---- (26¢ + 0p)

2
Span CD:

2FI
Mcp = Mrcp + ---- [29c + Bpt -

[

36

Mcp = -]?-I- (26¢ +6p-386/4) - (5)
2
2EI 38
Mbc = Mecp + ---- [ec +28pt ------
[ )
EIl
Mpc = ---- (B¢ +26p-38/4) - (6)
2
(c)Shear equation:
EI(0.24 65 — 0.0965 + 0.3756¢ + 0.3750p . 0.18758) = 0
EI(0.24 65 + 0.3756¢ + 0.3750p . 0.2485) =0
Guass seidel iteration method:
05 Oc Op A
Initial values 0 0 0 0
13.89 -15.97 7.99 4.79
18.96 -18.34 10.97 6.30
19.82 -19.02 11.87 7.32
20.14 -19.13 12.31 8.03
20.27 -19.14 12.58 8.48
20.33 -19.14 12.75 8.76
20.37 -19.14 12.85 8.93
20.39 -19.14 12.92 9.03
20.40 -19.14 12.96 9.10
20.41 -19.14 12.98 9.14
20.42 -19.14 12.99 9.16
20.42 -19.14 13.00 9.17
20.42 -19.14 13.01 9.18
20.42 -19.14 13.01 9.19




20.43 -19.14 13.01 9.19
20.43 -19.14 13.01 9.19
O =20.43/EIl
0c =-19.14/El
Op =13.01/EI
o =09.19/El
(d)Final moments:
2EI
Mpg = ------ (05 - 30/5)
5
Mg = 5.996 kNm
2EI
Mgy = ------ (265 - 38/5)
5
Mga = 14.138 kNm
EI
Mpc =-25 + ---- (B¢ + 265) = -14.138 kKNm
2
EI
Mcg =25+ ---- (26¢c +06g) =16.075 kNm
2
EI
Mcp = ---- (26¢ + 0p -36/4) =-16.075 kNm
2
EI
MDC = - (ec + 29]) —36/4) = (0 kNm
2
(e)To draw S.F.D.:
Span AB:
o B P Mz 1hhom

Taking moments about A,

MAB+MBA_HBA(5) :O




5.966+14.138 - Hpa (5) =0
Hpa=4.021 kKN= Hyp

Span BC:
) Sakn
Mg 13 e Mg = 1h BT E0m
b N _,
g 2T o |
E8 e

Taking moments about B,
Mcp+50(2)-Mpc —Rc(4) =0
Rc=25.484 kN
Rg =Total load — Rc
=50-25.484=24.516 kN

Span CD:
i e .
Lk Mep
M ) |
— ki

Taking moments about C,
-Mcp+Hpc (4) =0
HDC = HCD =4.019 kN
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4.6 RIGID FRAMES WITH SIDE SWAY (SYMMETRY)

Example 4.9 Analyse the portal frame subjected to loads as shown. Also draw bending

moment diagram.

A0 kN

B (= g
"g 21
13
H
S E o
A D
/?WE'F' S i Vsl

A L) #

Fig. 4.10

The frame is symmetrical but loading is unsymmetrical. Hence there is a sway.

Assume sway towards right. In this problem 6,=0,0;# 0,6,# 0,6,=0

FEMs:
2 2
Foo-wb_ 104" 4533 kM
12 12
2 2
Foum+ Mo 104 4333 kM
12 12
Fo--W__ 900 11505 kM
8 8
=W 9010 4455 kM
8 8

Slope deflection equations:

Mas = F a +?[26A +6g +3T5]

= -13.33 + @(O+GB—3—5)
4 4

= -13.33 +0.5El6; —0.375EI5
2E| 35
Mg, = Fea +T[295 +0, +T]



13.33 + 7 [268+0 - 3—8j
4 4

1333 +El6,-0.375ElI8  eeeeeee— > (2)

2El|
Mgc =Fgc "‘T(zea"'ec )

= -1125 + %3'(293+90)

= -1125+1.2El6,+0.6El6, ~  ceeeeeoe > (3)
2E|
Mce =Fecs +T(290+98 )

= +1125+ %f'(zeﬁes)

=1125+12El6,+06 El6, ~  aemee--- >(4)

Mo =F o +?(260 +6, _BTSJ

O+@ 26C+0—®)
4 4

= El§,-0.375EI8 e > (5)

2E| 35
MDC = FDC +T(29D +90 —Tj

2El 35
0+ 0+20.——
4(+ © 4)

05El0,-0.375EI8 e > (6)

There are 3unknowns EI6; EIO, and EI3, accordingly the boundary conditions are
Mg, +Mp=0
Mgz +Mp=0
H,+H,+40=0



Here

H,=

HA><4:MAB+MBA—1O><4><§

~ M,z +Mg,—80
4

and Hyx4 =M, +Mg.

M,z +Mg,—80

_ Mgp +Mpe
P 4

H

+ Moot | 40 g

4

Mg+ Mg, +Mp +M,+80 =0

Now MBA + MBC =0

13.33E16,-0.375E15-112.5 +1.2E10;+0.6E16,= 0

2.2E16,+ 0.6E
and M ;+M,.=0

0.-0.375E16-99.17=0 -------- >(7)

(4) + (6)

112.5+1.2E10.+0.6E16,+E16,-0.375E15 = 0

112.5+2.2E16.+0.6El6,-0.375EI6=0 -------- >(8)
also M,z+Mg,+M;+M,+80 =0

-13.33 +0.5E16,-0.375E15 +13.33 + EI6,—0.375EI165 + E10,—0.375E15

+0.5E16.-0.375E16 +80 =0

1.5E16;+1.5E

10.-1.5EI6+80=0 e > (9)

By solving (7), (8) and (9) we get

Final moments:

El0,=72.65
El0.=-59.64
EIS = +66.34

M,5=-13.33+0.5(72.65)-0.375(66.34)=-1.88 KNM
Mga= +72.65-0.375(66.34)=61.10 KNM
Mge=—112.5+1.2(72.65) = +0.6(-59.64) = -61.10 KNM
Mes=112.5+1.2(-59.64)+0.6(72.65) = 84.52 KNM
Mc,=—59.64 —0.375(66.34) = ~84.52 KNM

Mpc= 0.5(-59.64) - 0.375(66.34) = -54.70 KNM
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Reactions: Consider the free body diagrams of various members

quku
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v

Ra )

Member AB:

61.10 - 1.88 — 10 x4 x2
H, = "

=-5.195KN -ve sign indicates direction of H, is from right to left
Member BC:

_ 84.52-61.10+90x5
10
~ Ry =90-R, =38.34 KN

R, = 4734 KN

Member CD:



H, = 84.54+54.7

=34.81KN
Check
H=0
Ho+Hp+10x4=0
-5.20-34.81+40=0

Hence okay
152:23
+ —
' — | 8452
&g | — :
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/88 s470/ 1|
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4.7 SIMPLIFICATION FOR HINGED END
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4ET 2ET
Mgp=M,= Tf}.i + I Fp + (*M.J:B):md + (*M_J:.a).:. -—=(1)
2ET 4ET
Mg, = I 8, "‘T‘gﬁ + (Mj;.&)rmd +(M§.4}:. -——(2)
L. 2(2)-(1 3ET 1 1 M
Eliminate 8, by w; M,, ZTQB +[(M])1ud —T(M_ia)}m]+7(M£{ =
yra i - 8

UNIT-IV 4.39
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QUESTION BANK
PART-A

State relative merit of moment distribution method over slope deflection method.
Name the three classical force methods used in the analysis of continuous beams.

What are the limitations of slope deflection method?

A

Draw the deflected shape of the beam shown below

& =)

5. Write down the equilibrium equations used in slope deflection methods.

6. Why is slope deflection equation method known as stiffness method?
7. What are the basic assumptions made in slope deflection method?

PART-B

1. A continuous beam is built in at A and is supported over rollers at B and C, as shown in
figure. AB=BC=12m. The beam carries a uniformly distributed load of 30kN/m over AB
and a point load of 240kN at a distance of 4m from B on span BC. B has a settlement of
30mm. E=2*10°N/mm?*; [=2*10°’mm®. Analyze the beam by slope deflection method.

. anks|m e
_!..?'.'_.I.i."|'_1."|:IJ'r'-‘.\,\lI _ .'..:_:.LE " N )
ko | zm am ’T"
T - QR EN e

2. ABC is a continuous beam with constant EI throughout its length. The end supports A and
C are fixed and the beam is continuous over middle support B. Span BC is uniformly
loaded with 10 kN per meter length while a concentrated vertical downward load of
100kN acts at the midspan of AB. Calculate the moments by slope deflection method.

3. Analyse the continuous beam given in figure by slope deflection method and draw the

B.M.D

bbh‘N [+0 K?J

zrf\l Lm 2r JL—"-'“,T
3T T

/A-é— BMN ———-—';‘

2T

UNIT-IV 4.40
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4. Analyse the frame given in figure by slope deflection method and draw the B.M.D
Ns e e

B-WG

= fs <

Loveo | = -

pal r - -

5. Analyse the continuous beam given in figure by slope deflection method and draw the

B.M.D

\6\’“‘4\& botay Lok

ara 1, 2 o X a's) L 2.
A 5 ™ T % R o)
2T 3T =
6. Analyse the frame given in figure By slope deflection method and draw the B.M.D.
B il
3 s
=24
Zp v
T £
Lyvn
e rr

7. Analyse the continuous beam given in figure by slope deflection method and draw the

BM.D
ﬁ_qg_ﬂ o
/jmﬁ—fm
o e 3 )

8. Using slope deflection method, determine slope at B and C for the beam shown in figure
below. El is constant. Draw free body diagram of BC.

40kN 25kN
20kN/m 'L l

41& 4m fB 4m 2m TC 2m

UNIT-IV 4.41
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9. Analysis the frame shown in below by the slope deflection method and draw the bending
moment diagram. Use slope deflection method.

15kN/m
(Y Yy V¥ V ¥
Im 21 Im
10kN 10kN
I I
2m | 2m

NN AN

10. A continuous beam ABCD consist of three span and loaded as shown in figure end A and
D are fixed using slope deflection method Determine the bending moments at the
supports and plot the bending moment diagram.

g
A B ‘L c D
ae e ans sl ‘ .
1 ] y 25 § 25
sm sm
Cel) 1)

em
(D

11. A portal frame ABCD, fixed at ends A and D carriers a point load 2.5kN as shown in
figure. Analyze the portal by slope deflection method and draw the BMD.

' 9-5kN
B 1ml P C
21
4m [ o1 1| 4nm
A LS

3

UNIT-IV 4.42
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12. Using slope deflection method analyse the portal frame loaded as shown in figure. EI is
constant.

‘9ka
m{hﬁcmcﬁmnqc
bm

3m
A B
W 7

13. Using slope deflection method analyse a continuous beam ABC loaded as shown in
figure. The ends A and C are hinged supports and B is a continuous support. The beam
has constant flexural rigidity for both the span AB and BC.

3kef, [skn J
P =
Ph'l:___-q,ﬂ __;L 1’M:n» e

UNIT-IV 4.43



